Advanced Functions

Course Notes

Chapter 2 - Polynomial

Functions

Learning Goals: We are learning
e The algebraic and geometric structure of polynomial functions of
degree three and higher
e Algebraic techniques for dividing one polynomial by another
e Techniques for using division to FACTOR polynomials

e To solve problems involving polynomial equations and inequalities
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Chapter 2 — Polynomial Functions

Contents with suggested problems from the Nelson Textbook (Chapter 3)

2.1 Polynomial Functions: An Introduction — Pg 30 - 32
Pg. 122 #1 — 3 (Review on Quadratic Factoring)
Pg. 127 - 128 #1, 2,5, 6

2.2 Characteristics of Polynomial Functions — Pg 33 — 38
Pg. 136 - 138#1 -5, 7, 8, 10, 11

2.3 Zeros of Polynomial Functions — Pg 39 — 43
READ ex 3, 4,5 0n Pg 141 - 144
Pg. 146 - 148 #1 2, 4, 6, 8ab, 10, 12, 13b

2.4 Dividing Polyomials — Pg 44 - 51
Pg. 168 - 170 #2, 5, 6acdef, 10acef, 12, 13

2.5 The Factor Theorem — Pg 52 — 54
Pg. 176 - 177 #1, 2,5 -7 abcd, 8ac, 9, 12

2.6 Sums and Differences of Cubes — Pg 55 — 56
Pg 182 #2aei, 3, 4






2.1 Polynomial Functions: An Introduction

Learning Goal: We are learning to identify polynomial functions.

Definition 2.1.1
A Polynomial Function is of the form
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Examples of Polynomial Functions
a) f (x) =8x* —5x>+2x* +3x-5
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b) g(x) = 7x® —4x® +3x% + 2%’
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Notes: The TERM a x" in any polynomial function (where n is the highest power we see) is

called the [ ead %t.’ (7N , and then we write all the following terms
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The Z&J‘U ]L@”ﬂ tells us the end behaviour of the polynomial function. )
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Definition 2.1
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Success Criteria:
e | can justify whether a function is polynomial or not
e | can identify the degree of a polynomial function
e | can recognize that the domain of a polynomial is the set of all real numbers
e | can recognize that the range of a polynomial function may be the set of all real numbers,
or it may have an upper/lower bound
e | can identify the shape of a polynomial function given its degree
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2.2 Characteristics (Behaviours) of Polynomial
Functions

Today we open, and look inside the black box of mystery

Learning Goal: We are learning to determine the turning points and end behaviours of
polynomial functions.

Consider the sketch of the graph of some function, f(x):

Y/

Figure 2.2.1

Observations about f(X): %
1) f(x) isapolynomial of ¢ /€N  order (degree). The o bohavtes  ere seme.

2) The leading coefficient is G/)eggﬂ]{’sl«"é

3) f(x) has3 ‘}‘u rn <o )1\5 (where the functional behaviour of
INCREASING/DECREASING switches from one to the other.)
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4) f(x) has2 Zeres (X—\‘mlercg/)}é) ‘?("'g) ~O OAJ L[g) =0
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Consider the sketch of the graph of some function g(x):
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Figure 2.2.2

Observations about g(x):
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General Observations about the Behaviour of Polynomial Functions
1) The Domain of all Polynomial Functions is x & (F 2 dc)

2) The Range of ODD ORDERED Polynomial Functions is

;{P‘) & (“OOJ GO)

3) The Range of EVEN ORDERED Polynomial Functions % CO>
. T/m 5.'q of )Llﬂe Z&c}b (oelbfr ent L.L >0, )
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Even Ordered Polynomials

Zeros: A Polynomial Function, f(x), with an even degree of “n” (i.e. n=2, 4, 6...) can

have
OZ@IG‘S) /) ;) S,) - = 7/7 2@“75

e.g. A degree 4 Polynomial Function (with a positive leading coefficient) can look like:
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Turning Points:
The minimum number of turning points for an Even Ordered Polynomial

Functionis ©n&. I‘_# Mmust- 7Lam.

The maximum number of turning points for a Polynomial Function of (even)
ordernis

n- |

Odd Ordered Polynomials

7
Zeros: m.A 15 one Lpeow&t- J/
of oppssite  end behauhrs
Mmex 3 1. / /

Turning Points:
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Example 2.2.1 (#2, for #1b, from Pg. 136)
Determine the minimum and maximum number of zeros and turning points the given
function may have: g(x)=2x>—4x>+10x*-13x+8

0&(4() 1S @dfﬂ Zem“ /h,‘,l :I) /hex = g(n)
L.l is P TP « ph=0, ma=¥ (7)
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Example 2.2.2 (#4d from Pg. 136)
Describe the end behaviour of the polynomial function using the order and the sign on the

leading coefficient for the given function: f(x) q’fgng 5x® —2x* +3x -1

L>) ﬂeg g G-r-fj ewe /)

gﬂb LQLGLJM x> I e
Hx)= -

Example 2.2.3 (#7c from Pg. 137)
Sketch a graph of a polynomial function that satisfies the given set of conditions:
Degree 4 - positive leading coefficient - 1 zero @Jrning points.

A 1

Success Criteria:
e | can differentiate between an even and odd degree polynomial
¢ | can identify the number of turning points given the degree of a polynomial function
e | can identify the number of zeros given the degree of a polynomial function
e | can determine the symmetry (if present) in polynomial functions
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2.3 Zeros of Polynomial Functions
(Polynomial Functions in Factored Form)

Today we take a deeper look inside the Box of Mystery, carefully examining Zeros
of Polynomial Functions

Learning Goal: We are learning to determine the equation of a polynomial function that
describes a particular situation or graph and vice-versa.

We’ll begin with an Algebraic Perspective:
Consider the polynomial function in factored form:

L

£(X) = (2% -3 (X-D(x+ 2)(x+3)
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(x *3)2: ©

' 7 ) |
Now, consider the polynomial function g(x) =L@(x—l)(x+2)

4
Observations: ZQJLB /Tefn,\ 7 X

po ’ t OD(/_)’—:: o
[. j(x) Z evan oo ﬁapé/‘e 5 XD - ,

2. D(x) Zeos  af X=351,-2

sy A= (A
-~/ €

Geometric Perspective on Repeated Roots (zeros) of order 2

Consider the quadratic in factored form: f (x) = (x—1)

Figure 2.3.1
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Consider the polynomial function in factored form: h(t) = (t +21)°2t —5)'

Observations: &M’.LJ /férm : 254

hlL) ~> o0

- -9 (uhe

Geometric Perspective on Repeated Roots (zeros) of order 3

Consider the function f(x)=(x-1)*

Figure 2.3.2
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Example 2.3.1

Sketch a (possible) graph of f(x) :(—Z)Q(x +1)(x-2)

U

Families of Functions

Polynomial functions which share the same
all quadratics are in the “order 2 family”).

Polynomial Functions which share the same
are more tightly related.

Polynomial Functions which share the same
are like siblings.

Example 2.3.2

yomte J3) = ~2fo)(0=)
= 00()(~-2)

- O
ocder are “broadly related” (e.g.
order md = €rod

D"“’r"?f} Z@/UJ) cnd QAO) L)Qkam"ad’

o~ 4 x —3)1(“:)
50 = B3 (x <)

The family of functions of order 4, with zeros x=-1, 0, 3, 5 can be expressed as:

M= a (x )0+ - De )

L:‘}'AJ i WLJ GJ*C"L"\UW?L’ Pfom j:v\m(y (WL@"S\
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Example 2.3.3
Sketch a graph of g(x) =4x* —16x
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Example 2.3.4

Sketch a (possible) graph of h(t) = (t —1)°(t +2)*
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1 X
Example235 p oﬂ/‘(
Determinef"ih_eﬂquarti/c function, f(x), with zerosat x=-2,0,1, 3,if f(-1)=-2.
— __ 7

Wy) = a(x2)(x+9(x -1)(x ~3)
—) =a (*( +Q>(~( 1}0)(_( ,]) (ﬁ( _3)
2= & (D[N~
2= a(-€)

2-a . Oﬁ{x):?(]")( ><+Q){>< #/)/x@)
g
7

=Q

Success Criteria:
¢ | can determine the equation of a polynomial function in factored form
¢ | can determine the behaviour of a zero based on the order/exponent of that factor
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2.4a Dividing a Polynomial by a Polynomial
(The Hunt for Factors)

Learning Goal: We are learning to divide a polynomial by a polynomial using long division

Note: In this course we will almost ¢ 1
always be dividing a polynomial by 5 9L
a monomial )
R
embarking, we should consider some “basic” terms (and notation): -4g
g
6//d|y|qend _ quotient+ ren_wa_mder . ug- 5[97) + 3
divisor divisor “

/

7%2 / 17 overs,

(){u»‘JMC‘ = [@m%‘mf)/(){ur\soo ~+ fema.}w/gf

The Jivison Stetement

Note: The Divisor and the Quotient will both be

FActoRS

1=
The Cemaindec is 2ero
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Example 2.4.1
Use LONG DIVISION for the following division problem:

5x* +3x3 —2x% +6x—7

X—2 Please read Example 1 (Part A) on
/ 5;(3‘ o 3}(:)1‘ ;?X + 5’{_ Pgs. 162 — 163 in your textbook.
2
éxf-ﬁ)g)(?ff))xg-ax 76X ~7 . o 1
— ' |' (}()(5\;; ) o X

—(Sx‘ﬂwxg) [
19 =3 ‘ ()(13¢°) = I?XJ)

(5 -36:3) 1 () (3 )= %>

F ANE +or | _
_(g L/:-’; N %(O_‘Q / (K>(b Zf) - gﬁk

50 =7
- (5% ~18%)
[o]

T SN N r(5x3+/3f+2‘fx +s‘?)/x~>) + (o]

KEY OBSERVATION:
(»(425 1S wolf o @‘Cy



mw#wfy %Q %%fmf

g
Ox 0)3

2x° +3x3 —4x -1

Example 2.4.2

Using Long Division, divide

x-1 %
2 2+ 5 St (y)(gﬁ)-;c%s
‘Qx 1*0)()1‘3)( +0x ,_ﬁ,x{
~(2x° =
Qx?*gi? ;
R (Qx? B &Xa) | ‘| I|
52(? +0x2 ‘ |
~ (9(3 r.g,g"‘) L
§z2 "%\’ |
- (9 - 3 ?()
T
X —I
d(k H,()
O

x4 ?x Yo~ = (k —f)/;zx AR < 0% e 8n +()

KEY OBSERVATION: (X H() |‘ 5 o oclor

Classwork: Pg. 169 #5 (Yep, that’s it for today)
Success Criteria:
e | can use long division to determine the quotient and remainder of polynomial division

e | can identify a factor of a polynomial if, after long division, there is no remainder
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2.4b Dividing a Polynomial by a Polynomial
(The Hunt for Factors — Part 2)

Learning Goal: We are learning to divide a polynomial by a polynomial using synthetic division

Here we will examine an alternative form of polynomial division called Synthetic Division.
Don’t be fooled! This is not “fake division”. You’re thinking with the wrong meaning for
“synthetic”. (Do a search online and see if you can come up with the meaning | am taking!)

In Synthetic Division we concern ourselves with ¢ ogamc!m fr O‘; 74‘{0_ o}r't/w dend

ond HQ E@j}) @*}: H‘@ diviser,

[Mear o/{u»'.ror : x - 4 zeo =Y

\)W&Of‘- 9,'%; [
J Ax +5 zeo = :;,é?

Synthetic Division uses
—_ cpnl Numlpers

— 3 Steps * (Qf)’rfna dorwy
’ Q) +imes (&) Add

Note:
O/i\)/ USe M{o\f o’hﬂ‘f}f&

The Set-up F be proset

all por?

L —
e
],E M&‘mﬁ GWD Hle dr't/r‘dend
{E /-__/Jwﬂbé’.i an'§h ‘P{mm ‘qil‘lf’”‘%ﬂ,d ’

[ ceolfint of t gl ] o
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Example 2.4.3
Divide using synthetic division:

(4x3-5x2 +2x—1) +(x —@
|// 5. r-"ﬂa Do un

Qﬁ\—fv’ L~ > Times
./L ) /- ()Iéf
g 6 » [6 B \__j/ /L f 9

Ny 3
i 3280 05, 2y = K
X X X =X - =

X X X (t Qﬂ\o-‘lo"{f‘

5(>(3— Oy 4dx A = (x-&)(?xbfgxch) + 15

3 b - DA% 5% ~A5 £ X =5

53 =l -22 15 -25
Example 2.4.4 { 15 2O -0 Ol
Divide using synthetic division: —
Ax4 +3x2 —2x+1 S 1 -5 o
X+1
o sy - 223, Iex <2 S
-7 0 3 - |
J, ~4 y -7 @7 = (’C‘g)(gxshf 7X2—Q>(+5>
g 7 A e

P P Sl IV B ) [ (e A ) IR
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Example 2.4.5
Divide using your choice of method (and you choose synthetic division...amen)

2X3—9x2 + x+12)+(2x—-3 =
( )+ spe o Z

2l TR

& I 39 -2

I Y 6 -% O
| -8 —¢

e
o 45 by H"’* LT el = [2x3) (K- )
= (:Zx *3) (X"'(f){)( ﬂ)

Example 2.4.6

Is 3x —1a factor of the function f(x)=6x—x>+2+3x"?
|

X* % &(x)z gxt xs-ffpz\':-féx + o

%3406
(i(oo
T o[ L kg

2l & st @ [\ e

+~)0
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Example 2.4.7 (OK...this is a lot of examples!)

Consider again (from Example 2.4.6) f(x)=3x"—x>+6x+2, and calculate f (%J .
N N
-2/ ,_(,_g,r é(@_ﬁ 2
3 3 ’
-z _f,> L) 2
Tler) " la7) "

R o
MG
ﬁfe 5 He sems 1€

{ —
= % W&OAH > \JN- df\ﬂ‘tj*"’f) L)Y 2|

Example 2.4.8

)

—_—

wl—

\/
\

Consider Example 2.4.5. Let g(x)=2x>—-9x*+x+12, and calculate g (gj

’ R
oBD32)73) 5"
SR OREA

7wl , & %

The Remainder Theorem

Given a polynomial function, f(x), divided by a
linear binomial, X—K, then the remainder of the division

is the value 5:/,4)
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Proof of the Remainder Theorem

Contdec = S0 = f@
T)\zﬂ? ~P(y): (x_/{) (i(xj> +

)= (REE) + r

WAIT!!!! We MUST have a

Example 2.4.9 _
5x*—3x°-50) * ”E(K)
x—2] FUNCTION

Determine the remainder of

;2/' 5 -3 O O ~-sSO
A

)= 513) -3 -50 |
L e A
| 5 7 v 28

= $O ~ 21 —¢© |
- ‘

Success Criteria:
| can appreciate that synthetic division is “da bomb”

[ ]
| can use synthetic division to determine the quotient and remainder of polynomial

[ ]
division
| can identify a factor of a polynomial if, after synthetic division, there is no remainder

[ ]
(The Remainder Theorem)
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2.5 The Factor Theorem
(Factors have been FOUND)

Learning Goal: We are learning the connections between a polynomial function and its
remainder when divided by a binomial

The Factor Theorem

Given a polynomial function, f(x), then X—a isa

factor of f(x) L oo/ M{l/ f;j[\ *F/@ —0 /};}
(\wﬂ(*”
_(d
Example 2.5.1
Use the Factor Theorem to factor x® +2x2 —5x—6. | WAIT!!!l We need a FUNCTION
2 9]
Pl)= X+ 5% =6 ¢ . )= (<o )x b Y(x-c
Test He P‘”Ss"b/e Jachrr © [a)(b)(c) = =6

i)) j;/ ", re we Jeed Beors o F .
/\ési X= | (X’HO

_;/( L -5 -~k

£) = 134 20) -50) ~6 -l -1 £
= |+ 2-5 -6 o ho~6 0 A m
’T’LO et Fw{'ﬁf‘ _/ L

°. ng ozf-s“x~é = (X ﬂ)(ngx ~6)

= @—;O(x e3)(x - )

/{@% Xa- @
Lly= (~1)¢2() - 5(-) 4
4L +5 b

:0 oA Q‘c{%r) soO 53
d‘; U(‘,‘JQ Wl?’(\ .«“/a



1,22,23,¢9 26 25, [, (£ 2d9,29S

Example 2.5.2
Factor fully x* —x®—16x* +4x/+ 48{

(/@gvt X=| {osb X =72 (ng)

)= 1" el 1] R 10)1F ) gy = (D' (Y ICR)
= ) +6 67 -8 +78

=~ -l (6 +Y T8
ZO - A
— -] —16 tY +48
’ [,_D) L 20 4% (xﬁl)(xgﬁxl—/ox +B_/‘/)
| "3 o 21 0, -
Tesk X =o- 21 ~3 ~to a0
3T 6l3) <Y
9= (3) -3(5) -tol3) < ST
= 9 “(Q-’;afﬁ? [~ *D B *‘
- @

x?' ng Vo “+ Y 98 = /m;z)&—;z)[x%x F{g>
= (el x=3) (e ~)fce D)
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Example 2.5.3 (Pg 177 #6c¢ in your text)
Factor fully x* +8x® +4x* —48x

= x(x e B« b ~19)

90
Toy x=2L §0) = 8 tR) 48
L ¢ % —¢F
= @

&} 5/ (f "178 || ——£ —;———; - __——:2—
DY) ‘gﬁ_‘_ |I S )({4 g-)( 7"%)( —QXX :X(X"c;z>(x ~ (Ox fo){,o
rg o 2 O /

. = x(< =) x +4)(c+&)

Example 2.5.4 (Pg 177 #10) ) =1o
When ax® —x* + 2x+b is divided by (X—1 the remainder is 10.)When it is divided by
(X -2 the remainder is 51)Find a and b.

3 2 \3 L(QJ S| This problem is very instructive.
7%(); AX — % «dx b

O = & {_f)}-(f/zf )b | &= 62(3,)3*(;2)1+;\)(?) 4+ b
/og{_(\ja +b 5= §o ~9 49 +b

o4 =
9= a + b 5% G +b {‘f@j” i/d
T __ o~ - 4

— —ﬂ~ @'; b /et
Oft an —+ §("<(L o

O. =
N = Ja ta=6 ad b=3

Success Criteria:

vl

IR

e | can use test values to find the factors of a polynomial function

e | can factor a polynomial of degree three or greater by using the factor theorem
e | can recognize when a polynomial function is not factorable
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2.6 Factoring Sums and Differences of Cubes

patternspatternspatternspatternspatternspatternspatternspatternspatternspatterns
atternspatternspatternspatternspatternspatternspatternspatternspatternspatternsp
tternspatternspatternspatternspatternspatternspatternspatternspatternspatternspa
ternspatternspatternspatternspatternspatternspatternspatternspatternspatternspat
ernspatternspatternspatternspatternspatternspatternspatternspatternspatternspatt
rnspatternspatternspatternspatternspatternspatternspatternspatternspatternspatte

Knowing how to factor a sum or difference of cubes is a simple matter of remembering patterns.
Learning Goal: We are learning to factor a sum or difference of cubes.

Example 2.6.1 (Recalling the pattern for factoring a Difference of Squares)
Factor 4x”—25

:(QX Héj/ ;2>< ~+ Sﬂ> (Note: Sums of Squares

DO NOT factor!!

e.g. Simplify x*+4

N

3 me
Differences of Cubes ﬁ)( - 27 pesite

lW&(j
Pattern ySifive

(cube, —cube, ) = (cuberoot, — cuberoot,) (:uberoo'[l ~ cuberoot, x cuberoot, + cuberoot, )

i - 37 (gx — 9)<w x4 9

TWO POSITIVES and ONE NEGATIVE

Sums of Cubes (These DO factor!!)
S+ a7

(cube, +cube,) = (cuberoot,~£cuberoot, )(cuberoot —tuberoot, x cuberoot, -{-cuberoot

[+ 3) [ — bx + ?>

SU e 0;90@3 e /} nsy §
Fo S A

Pattern



8 = ( >.<ﬂ~2>( )(a + Ax + 7)

Example 2.6.3

Factor 27x° +125y° = (gx + 50 (7)(Q _ /§X>/ _{_ 95\)/.’2)

Example 2.6.4 2

Factor 1—64z° = (’ — ?Z)(J + 7Z + /éz)
Example 2.6.5

Factor 1000x° +27 = (/0;( + 3)({(%9»(2 — sOox * ?)

e = (=) K+ 18]
<>@e—-z<é - (><~3)5<f3)(><??‘ e 1)

Success Criteria:
e | can use patterns to factor a sum of cubes
e | can use patterns to factor a difference of cubes
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